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Advanced empirical process modeling methods such as those used for process moni-
toring and data reconciliation rely on information about the nature of noise in the
measured variables. Because this likelihood information is often unavailable for many
practical problems, approaches based on repeated measurements or process con-
straints have been developed for their estimation. Such approaches are limited by data
availability and often lack theoretical rigor. In this article, a novel Bayesian approach
is proposed to tackle this problem. Uncertainty about the error variances is incorpo-
rated in the Bayesian framework by setting noninformative priors for the noise varian-
ces. This general strategy is used to modify the Sampling-based Bayesian Latent Vari-
able Regression (Chen et al., J Chemom., 2007) approach, to make it more robust to
inaccurate information about the likelihood functions. Different noninformative priors
for the noise variables are discussed and unified in this work. The benefits of this new
approach are illustrated via several case studies. VVC 2009 American Institute of Chemical

Engineers AIChE J, 55: 2883–2895, 2009
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Introduction

Empirical models are essential for several process engi-
neering tasks including process control, abnormal situation
management, and data rectification. Such models are also
popular in many other disciplines including chemometrics,
image processing, bioinformatics, and financial engineering.
Linear modeling methods such as ordinary least squares
regression (OLS), principal component analysis/regression
(PCA/PCR),1 and partial least squares regression (PLS)2,3

continue to remain popular for these tasks. These methods

usually find the least-squares solution by minimizing the
mean squared error between the measured data and estimated
values. This approach works best when the measurement
noise is independent and identically distributed Gaussian
with equal variance. If this assumption is not satisfied, as is
often the case, methods such as weighted regression and
maximum likelihood principal component analysis/regression
(MLPCA/MLPCR),4 Bayesian principal component analysis
(BPCA),5 and Bayesian latent variable regression (BLVR)6

may be used. These methods require information about the
covariance matrix of the measurement noise. When such
information is available, these methods can provide more
accurate models. Bayesian approaches can also make use of
prior knowledge about the unknown variables. However,
information about the measurements errors (likelihood) or
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prior is not easily available, which can pose a significant
challenge for the application of more advanced modeling
methods. Inaccurate information can worsen the model
results when compared with the results of simpler methods.

In response to this challenge, many efforts have devised
ways of obtaining likelihood information from measured data
and other sources. For example, Leger et al.7 have proposed
to estimate the error covariance matrices from repeated
measurements and use the estimated covariance matrices in
MLPCA. This method is applicable only when enough repli-
cated measurements are available, which may not happen
very often due to higher experimentation costs. Research on
data reconciliation has also focused on methods for estimat-
ing the error covariance for weighting the objective func-
tion.8 The error covariance matrices are usually directly esti-
mated based on the measurements similar to the method
used by Leger et al.7 or indirectly estimated by incorporating
additional process information. Almasy et al. and Mah9 esti-
mated the error covariance matrices from the constraint
residuals of process data. Based on their work, Darouach
et al.10 used a maximum likelihood estimator to estimate the
error variances by solving a nonlinear optimization problem
that couples the estimation problem with the data reconcilia-
tion problem. Keller et al.11 further extended this approach
to estimate both the variances and covariances of measure-
ment error. Because these methods are sensitive to outliers,
Chen et al.12 developed an M-estimator to estimate the error
covariance matrices. In this approach, the observations are
weighted based on their Mahalanobis distances, hence the
M-estimator is more robust. Morad et al.13 developed another
robust M-estimator which directly estimates the covariance
matrices from the measurements. Maquin et al.14 applied a
direct method to simultaneously estimate the variances of
measurement errors and reconcile the data with respect to
balance equations. Mirabedini and Hodouin15 used a state-
space model to estimate the variance and covariance of sam-
pling errors in complex dynamic mineral systems. These
methods often rely on known process constraints, such as
mass balance; however, constraints may not be available or
may not even exist for a given process data set. Furthermore,
methods like those discussed in this paragraph can be com-
putationally expensive due to the need for mathematical pro-
gramming algorithms. These hassles limit the applications of
most existing error estimation methods.

Most of the previous work focuses on the estimation of
the parameters in the likelihood functions. However, getting
the estimates of those parameters is not the ultimate goal.
Eventually, the estimates are used in the modeling methods
and the model quality is what matters. Relying on a single
estimate of the error covariance matrix in modeling is inher-
ently vulnerable to the quality of estimation and is not
robust. Hence, this two-step strategy is not ideal for solving
this problem. From a Bayesian perspective, this challenge
can be tackled in a rigorous way without requiring extra
measurements, process constraints, or a heavy computational
load. Bayesian statistics provides a statistically sound way to
combine information from different sources and with uncer-
tainties. When information about the measurement error or
likelihood is not available, the noise covariance matrix may
be treated as a set of unknown model parameters that are
inherently stochastic. The uncertainties of these parameters

before modeling can be captured by their prior distributions.
When little is known about the prior distribution of a vari-
able, a noninformative prior16,17 can be assumed, and is a
popular approach in Bayesian estimation. For the problem
considered in this article, the prior for the noise covariance
matrix may be considered to be noninformative. This layer
of prior for the noise variance avoids the problem of having
to assign a fixed number to the parameter. The prior distribu-
tions of model parameters are combined with data measure-
ments by Bayes rule, resulting in a posterior distribution.
This posterior distribution contains all the available informa-
tion about the model parameters. The noise variances and
other model parameters can be estimated altogether from the
posterior distribution. The uncertainty information of the
estimates can also be obtained.

In this article, this strategy is adopted to modify the
BLVR approach, such that it can be used for process model-
ing with inaccurate likelihood information. The original
optimization-based BLVR algorithm6 relies on nonlinear pro-
gramming for obtaining the maximum a posterior (MAP)
estimate, making it computationally expensive and impracti-
cal for modeling high dimensional data sets. In addition,
optimization-based methods usually only provide point esti-
mates for parameters and require additional effort to obtain
uncertainty information about the estimates. In contrast,
most of the recent work on the use of Bayesian methods in
process engineering rely on sampling-based algorithms.18–23

The recent surge of interest in Bayesian modeling is in large
part due to the adoption of Monte Carlo sampling techni-
ques. To overcome the problems of the optimization-based
BLVR, a sampling-based BLVR (BLVR-S)24 was developed.
Instead of solving an optimization problem, it draws samples
from the posterior distribution and use samples to estimate
the model parameters. The confidence intervals of the esti-
mates can also be easily constructed. BLVR-S implements a
Gibbs sampling algorithm to draw samples. The sequential
sampling strategy in Gibbs sampling makes it easy to draw
samples from the high dimensional posterior distribution. In
this article, the BLVR-S is modified to deal with the com-
mon situation when likelihood information is not available.
An extra step is added in the Gibbs sampler of BLVR-S to
draw samples of the noise variances of input and output var-
iables. The introduction of the noninformative priors for the
noise variances makes BLVR-S more immune to inaccurate
likelihood information. The resulting approach integrates
Bayesian modeling with likelihood estimation.

Using noninformative priors to account for uncertainty of
information is not novel in Bayesian statistics. However, this
work seems to be the first at least among engineering meth-
ods that uses the Bayesian approach for estimating the likeli-
hood information in conjunction with latent variable model-
ing. An important barrier to the use of Bayesian methods is
that, in practice, people often do not have all the information
needed for applying these methods. In this regard, this
extended BLVR-S approach allows the building of Bayesian
models with uncertain likelihood information. This makes
the proposed approach relevant to many existing Bayesian
and maximum likelihood methods including those used for
tasks such as data rectification, system identification and
chemometric modeling. Furthermore, it can be relatively eas-
ily applied in real laboratory and industrial settings. This
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article also provides new insight into the practical meaning
and differences between methods for choosing a noninforma-
tive prior. By addressing such practical challenges, it is
hoped that Bayesian methods become more accessible to the
engineering community.

The rest of this article is organized as follows. The next
section provides background about Bayesian estimation,
Gibbs sampling, and BLVR-S. This is followed by a descrip-
tion of details about the algorithm of BLVR-S with non-
informative priors for noise variances. Next, several case
studies are presented to compare the performance of differ-
ent modeling methods and to illustrate the characteristics of
the proposed method. Finally, the last section gives a sum-
mary of this work and discusses possible future research
directions.

Background

Bayesian estimation

In Bayesian models, all the model parameters and data are
treated as stochastic variables, with a joint distribution. Data
D has a distribution conditional on the model parameters h,
denoted by P(D | h). Considering this distribution as a func-
tion of the parameters given the data, it is called the like-
lihood function. Maximizing this likelihood function results
in the maximum likelihood estimate (MLE) of parameters.
In contrast, in Bayesian methods, both the likelihood and
prior information about model parameters are used to get
estimates by combining them to get the updated posterior
distribution of parameters. The Bayes rule is shown as
follows,

PðhjDÞ ¼ PðDjhÞPðhÞ
PðDÞ ; (1)

where, P(h) is the prior distribution, which expresses domain
knowledge about the model parameters before the measured
data are obtained. The posterior distribution contains all the
information available about the problem. The Bayes point
estimates from the posterior distribution depend on the choice
of loss function. A loss function L(h, ĥ) is defined to measure
the consequence of a discrepancy between the true parameter h
and the estimate ĥ. By minimizing the expected loss, the Bayes
estimate ĥL can be found,

ĥL ¼ argmin
ĥ

EðLðh; ĥÞjDÞ: (2)

Bayes estimates for some of the most popular loss func-
tions correspond to some common characteristics of the pos-
terior distribution. For example, for the 0–1 loss function,
the Bayes estimate is the posterior mode, the so-called maxi-
mum a posteriori (MAP) estimate, for the absolute error loss
function, the estimate is the posterior median, and for the
squared error loss function, it is the posterior mean. Like
other statistical models, a Bayesian model provides a mathe-
matical framework that is not guaranteed to reflect the physi-
cal nature of the underlying system. Nonetheless, it offers
one way to estimate or forecast variables of the system with
measurements and prior knowledge.

Gibbs sampling

Bayesian point estimates or moments may either be
obtained through numerical routines, such as nonlinear pro-
gramming, or by Monte Carlo Sampling.25,26 For example,
given the samples {h1, h2, …, hn} from P(h | D), the poste-
rior mean can be approximated as,

EðhjDÞ � 1

n

Xn
i¼1

hj (3)

According to the law of large numbers, as n goes to infin-
ity, this approximation converges to the true mean value. It
is often much more convenient to use Monte Carlo samples
from the posterior distribution to approximate such charac-
teristics, especially when the posterior distribution is high
dimensional.

Gibbs sampling is among the most popular for Bayesian
computation and is a special type of Markov Chain Monte
Carlo (MCMC) approach.25 A Markov Chain is a sequence
of random variables, {x0, x1, …, xk�1, xk, …}, in which,
given the whole past history of the chain, the distribution
of the current variable depends only on the immediate past,
that is,

Pðxijxi�1; xi�2; :::; x1; x0Þ ¼ Pðxijxi�1Þ (4)

In MCMC, the random variables in a Markov Chain are
drawn sequentially and each one of them follows the same
distribution, which is called the stationary distribution of the
Markov Chain. Therefore, although those random variables
are not independent, they can be treated as independent sam-
ples from that stationary distribution and be used to approxi-
mate this distribution. Hence, the goal of Bayesian computa-
tion is to make the stationary distribution of a Markov Chain
be the posterior distribution of interest. Gibbs sampling pro-
vides an easy and efficient way to achieve this goal.

For a posterior distribution P(h | D), elements of the
parameter vector h are drawn sequentially, from their corre-
sponding full conditional distributions. For example, at the
i-th time step of the Markov Chain, a sample of the first ele-
ment of the m dimensional h is drawn from its conditional
distribution P(h1 | D, hði�1Þ

2 , hði�1Þ
3 ,…,hði�1Þ

m ), where hði�1Þ
j is

the value of the j-th element of h at the previous time step
in the Markov Chain. After the new sample, h1 is drawn, a
sample of h2 can be drawn from its distribution conditional
on the most recent samples of other elements of h, that is,
P(h2 | D, h

ðiÞ
1 , hði�1Þ

3 ,…,hði�1Þ
m ). In this manner, all the samples

of all elements of h can be drawn sequentially at this time
step. The detailed algorithm is as follows:

� for i ¼ 1 : n
� for j ¼ 1 : m

* draw hðiÞj from P(hj | D, h
ðiÞ
1 , hðiÞ2 ,…,hðiÞj�1, h

ði�1Þ
jþ1 ,…,

hði�1Þ
m )

� end for
� end for
The elements of h can also be divided into several blocks,

and samples of blocks instead of individual elements, can be
drawn sequentially to greatly reduce the number of iterations
in this algorithm.
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Gibbs sampling is a special case of the more general
Metropolis-Hastings sampling25 algorithm. This algorithm
guarantees that the created Markov Chain has a desired sta-
tionary distribution. The advantage of Gibbs sampling over
other types of Metropolis-Hastings sampling methods27 is
that it does not have a rejection step unlike other methods,
making it much more efficient. Also the sequential approach
in Gibbs sampling is very effective for dealing with high
dimensional distributions which are broken into many lower
dimensional distributions. This is similar in principle to the
univariate search optimization method.28

Because the starting point of the Markov Chain is arbi-
trary, it usually takes some time steps for the chain to con-
verge to its stationary distribution. Therefore, the first k
(such as 1000) samples are regarded as ‘‘burn-in’’ and dis-
carded. Only samples thereafter are used for Monte Carlo
approximation. Another practical problem of MCMC arises
from the fact that the samples are actually not independent.
Although some statisticians29 argue that this is not a prob-
lem, in practice, a thinning step is often considered as a
standard way to reduce the correlation among samples.
Every r-th (such as 5th or 10th) sample is chosen instead of
all the samples after burn-in. This thinning step is applied in
the popular MCMC software BUGS.30,31

Sampling-based BLVR with known noise variances

In the optimization-based BLVR6 method, both input X
(n � m) and output y (n � 1) are assumed to be contami-
nated by measurement noise. The noise-free input ~X and out-
put ~y are modeled as,

~X ¼ ZaT (5)

~y ¼ Zb; (6)

where Z is an n � p score matrix, a is an m � p loading
matrix, p is the rank of the model, and b (p � 1) is the
regression parameter vector of output variable on the score
vectors. Loading vectors form an orthogonal basis of a lower
dimensional space and satisfy the following constraint,

aTa ¼ I: (7)

The regression parameter vector b (m � 1) of output vari-
able on input variables is calculated as,

b ¼ ab: (8)

The measurement noise for each observation is assumed to
be independent and identical, following a Gaussian distribu-
tion. Also, the measurement noise in input variables is
assumed to be independent from the noise in the output vari-
able. Denoting xi ¼ X(i, :)T, where X(i, :) is the i-th row of X,
and yi ¼ y(i), the likelihoods of xi and yi are assumed to be,

xi � Normalð~xi;RxÞ (9)

yi � Normalð~yi;RyÞ; (10)

where Rx (m � m) and Ry (a scalar) denote the covariance
matrices of the input and output noise, respectively.

In BLVR, prior information for ~X and b are combined
with the likelihood information to provide estimates. These
prior distributions are assumed to be either uniform or Gaus-
sian to permit its formulation as a least squares minimization
problem. In case of a uniform prior, the maximum a posteri-
ori (MAP) solution is the same as the maximum likelihood
solution. In case of a Gaussian prior, the prior of ~X is
assumed to be

~xi � Normalðlx;QxÞ; (11)

where lx (m � 1) is the prior mean of noise free input
variables, and Qx (m � m) is the prior covariance matrix of
noise free input variables. Equations 5 and 7 result in a linear
relationship between ~X and Z,

Z ¼ ~Xa: (12)

Because the latent variables are just a linear transforma-
tion of the noise free input variables, the prior for zi (zi ¼
Z(i, :)T) is also Gaussian, given by,

zija � NormalðaTlx; aTQxaÞ: (13)

The Gaussian prior of b is assumed to be,

b � Normalðlb;QbÞ; (14)

where lb (m � 1) is the prior mean for b and Qb (m � m) is the
prior covariance matrix of b. Equations 7 and 8 lead to the
following linear relationship between b and b,

b ¼ aTb: (15)

Therefore, the prior for b is also Gaussian,

b � NormalðaTlb; aTQbaÞ: (16)

The prior distribution of a is assumed to be uniform.
Based on the likelihood functions and prior distributions
given above, the posterior distribution is,

Pða;Z; bjX; yÞ / PðX; yja; Z; bÞPða;Z; bÞ
/ PðXja;ZÞPðyjZ; bÞPðZjaÞPðbjaÞ: (17)

The right hand side of Eq. 17 is the multiplication of like-
lihood of data and prior distribution of model parameters,
details about the derivation can be found in the original
paper of optimization-based BLVR.6 In that approach, a 0–1
loss function is chosen for obtaining the Bayesian point esti-
mate, which is the posterior mode. This requires solution of
the following optimization problem,

fâ; Ẑ; b̂g ¼ argmax
a;Z;b

Pða;Z; bjX; yÞ s:t: aTa ¼ I; (18)

which may be solved via a numerical optimization routine,
which is often computationally expensive. Furthermore, this
approach does not provide error bounds for the estimates. To
address these shortcomings, Chen et al.24 developed a BLVR
algorithm based on Monte Carlo sampling instead of
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optimization. In this BLVR-S approach, the overall objective
function is decomposed as follows,

fẐ; b̂g ¼ argmax
Z;b

PðZ; bjX; y; âÞ (19)

s:t: fâg ¼ argmax
a

PðajX; y; Ẑ; b̂Þ (20)

aTa ¼ I:

The orthogonality constraint for a makes it difficult to
directly draw samples of the loading vectors. Therefore, to
obtain the solution, first, an estimate of a is obtained via
PCR, MLPCR, or PLS. With the estimated a, the problem in
Eq. 19 can be solved by Monte Carlo approximation. Gibbs
sampling is chosen to draw samples of b and Z from P(Z,b |
X, y, â), those samples are used to estimate the score vectors
and regression parameters. The global maximum can be
reached by iteration of these two steps. But empirical stud-
ies24 have shown that even without iteration, BLVR-S can
provide better models than the optimization-based BLVR
and other traditional methods.

To implement the Gibbs sampling algorithm in BLVR-S,
full conditional distributions of Z and b have to be derived.
Details about those conditional distributions for uniform and
Gaussian priors are described in24 and the resulting BLVR-S
algorithm is shown in Table 1.

The Gaussian assumptions for likelihood and prior are not
essential for BLVR-S, but they can greatly simplify the algo-
rithm and save computation time. These assumptions can be
relaxed by advanced methods, such as Importance Sam-
pling21 within Gibbs sampling.32 In the rest of this article,
all the BLVR notation and discussion refers to the Gibbs
sampling-based BLVR approach, unless stated otherwise.

Method

Setup of noninformative priors

The method developed in this section makes the following
simplifying assumptions, which may be relaxed quite easily,
if needed. The measurement noise for each variable is
assumed to be independent. Hence, the covariance matrices
are diagonal and there are only m þ 1 parameters to be esti-
mated in Rx and Ry, namely, the diagonal elements of these
covariance matrices. This assumption makes it relatively
easy and less subjective to define noninformative priors for
the unknown noise variances because there may be very few
or no user-specified parameters. Noninformative priors are
often specified in the form of uniform distributions; however,
this is not a requirement. Even if a prior distribution is uni-
form for one variable, it could be a different type of distribu-

tion when the variable is transformed, as illustrated in the
following example.

For a Continuous Stirred Tank Reactor (CSTR) of volume
(V) 1 m3, assume the inlet flow rate (F) is stochastic and uni-
formly distributed between 1 and 1.1 m3/hr. Then the proba-
bility density function (PDF) of F is:

PðFÞ ¼ 10; 1 � F � 1:1: (21)

The mean of the residence time s is also stochastic, but
since s ¼ V

F, s is not a linear function of F, and it is not uni-
formly distributed. In fact, the PDF of s can be obtained by
applying the following theorem:

Theorem 1. 33For a continuous random variable x with a
PDF Px(x), x [ v, another random variable y ¼ g(x) (g(�) is
a monotone function), and g�1 (y) has a continuous deriva-
tive on Y, then y has a PDF of:

PyðyÞ ¼ Pxðg�1ðyÞÞ dg
�1ðyÞ
dy

����
����; y 2 Y: (22)

Thus, the PDF of s (given V ¼ 1) is:

PðsÞ ¼ 10� d
1
s

ds

����
����

¼ 10

s2
;

1

1:1
� s � 1:

(23)

The distributions of F and s, shown in Figure 1 indicate
that the distribution of s is far from uniform. Suppose the
measured variable is s instead of F, and if it is observed to
be uniformly distributed, then the assumption of F being uni-
form should be changed accordingly. This example illus-
trates the importance of choosing an appropriate variable or
metric for assigning the uniform prior. Once this is deter-
mined, by applying Theorem 1, the prior distribution of
other variables or under another metric can be derived.

Table 1. Algorithm of Drawing Samples of Z and b by
Gibbs Sampling

Target Distribution: PðZ;bjX; y; âÞ
� For l ¼ 1 : K
draw Z(l) from PðZjX; y; â;bðl�1ÞÞ
draw b(l) from PðbjX; y; â;ZðlÞÞ

� End for

Figure 1. Probability distributions of flow rate and
mean of residence time in the CSTR example.
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A convenient way to come up with the noninformative
prior of the noise variances in BLVR is to assume that we
have no information about the standard deviations of the
noise. Let rj denote the standard deviation of noise ej of the
j-th variable of the data set, that is,

�j � Normalð0; r2j Þ; j ¼ 1; 2; :::;m;mþ 1; (24)

where the first m variables are inputs and the m þ 1-th variable
is the output. We may consider these variables to be uniformly
distributed. Thus,

PðrjÞ / 1; rj > 0: (25)

By applying the above theorem, the prior distribution of
r2j may be derived as,

Pðr2j Þ /
drj
dr2j

�����
�����

/
d
ffiffiffiffiffi
r2j

q
dr2j

������
������

/ 1ffiffiffiffiffi
r2j

q :

(26)

However, because we can choose a different metric or vari-
able for the uniform distribution, this noninformative prior is
not the only one that is acceptable. Another popular choice is
to assume that log rj is uniformly distributed, that is,

Pðlog rjÞ / 1; rj > 0: (27)

Again, by applying Theorem 1, the prior distribution for
r2j is:

Pðr2j Þ /
d log rj
dr2j

�����
�����

/ d
log r2j
2

dr2j

������
������

/ 1

r2j
:

(28)

In fact, this noninformative prior satisfies Jeffreys’ rule
and it is called Jeffreys prior.34 More details are in Appendix.

In addition to the above two noninformative priors, the
prior distributions of the variances of Gaussian noise are of-
ten assumed to be Inverse-Gamma, which has the PDF of
the form:

Pðr2j jkj; hjÞ ¼
hkjj

CðkjÞ ðr
2
j Þ�kj�1

exp
�hj
r2j

 !
; (29)

where C(�) is a Gamma function. Given a Gaussian likelihood
function, the Inverse-Gamma prior of r2j results in an Inverse-
Gamma posterior distribution for r2j . The Inverse-Gamma
prior of r2j is called conjugate to Gaussian likelihood
functions. Conjugate priors bring convenience to Bayesian
computation, hence the Inverse-Gamma prior is a good
candidate for the noninformative prior of r2j . To make an
Inverse-Gamma distribution resemble a uniform prior, a
common choice is to set its parameters kj and hj close to zero.
In the popular Bayesian modeling software BUGS,30 they are
both set to be equal to 0.001. Figure 2 shows the PDF for
several Inverse-Gamma distributions with different sets of
parameters. Clearly, as kj and hj decrease, the Inverse-Gamma
distribution tends to become more flat.

In fact, the two types of noninformative priors discussed
earlier in this section can be regarded as special cases of the
Inverse-Gamma distribution. To obtain the noninformative
prior in Eq. 26, kj ! � 1

2
; hj ! 0, and for the noninformative

prior in Eq. 28, kj ! 0, hj ! 0. Three noninformative priors
for r2j are summarized in Table 2, and are adopted in the
applications of this work. They are also the types of priors
considered in the work by Gelman.17 Because they can be
unified under the Inverse-Gamma distribution family, we
only need to develop one extended sampling-based BLVR
approach with Inverse-Gamma prior distributions for the
noise variances, and this method is described next.

Figure 2. Probability density functions of Inverse-Gamma
distributions with different parameters.

Table 2. Summary of Different Types of Noninformative
Priors for rj2

Type

Parameters of the
Inverse-Gamma
Distribution

Uniform
(or Approximately
Uniform) in the

Space ofkj hj

1 0.001 0.001 r2j
2 0 0 log rj
3 � 1

2
0 rj
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BLVR-S with noninformative priors for noise variances

In the BLVR-S approach described in,24 the noise varian-
ces for input and output variables are considered to be
deterministic, and they are fixed throughout in the Gibbs
sampling steps. By setting noninformative priors for these
variances, as done in this article, they are treated as stochas-
tic and are estimated along with the score vectors and
regression parameters. Hence, an additional step is needed in
the BLVR-S approach to draw samples of the noise varian-
ces. In this step, samples of noise variances are drawn from
their full conditional distributions. The distributions of Z and
b remain the same as those described in,24 except that the
noise variance parameters in those distributions need to be
updated in every time step.

To sample the noise variances by Gibbs sampling, their
full conditional distributions have to be derived. As dis-
cussed in the previous subsection, the three types of nonin-
formative priors of noise variance considered in this work
can be unified under the Inverse-Gamma family. Because
Inverse-Gamma is a conjugate prior for Gaussian likelihood
functions, the full conditional distribution of r2j is also an
Inverse-Gamma distribution. Without loss of generality,
assume j \ m þ 1, that is, the j-th variable is an input vari-
able. Because the measurement noise are independent, the
conditional posterior distribution of r2j only depends on the
likelihood of the j-th input variable, and the conditional
distribution of r2j is:

Pðr2j jXð:; jÞ;Z;aÞ /PðXð:; jÞjZ;a;r2j ÞPðr2j jkj;hjÞ

/ 1

ð2pÞn=2rnj
exp

�Pn
i¼1 ðxij� ~xijÞ2
2r2j

 !
h
kj
j

CðkjÞðr
2
j Þ�kj�1

exp
�hj
r2j

 !

/ðr2j Þ�ðn
2
þ kjÞ�1

exp �

Pn
i¼1 ðxij� ~xijÞ2

2
þhj

r2j

0
BB@

1
CCA; ð30Þ

where X(:, j) is the j-th column of X, xij is the measurement
of the j-th input variable in the i- th observation, x̃ij is its
noise free value, which depends on the loading and score
vectors, Z and a, respectively. Comparing Eq. 30 with Eq. 29,
it is obvious that the conditional distribution of r2j indeed
is another Inverse-Gamma distribution. DenotingPn

i¼1 ðxij� ~xijÞ2 as SSEj, the conditional distribution of r2j is:

r2j jXð:; jÞ;Z;a� InverseGamma k0j ¼
n

2
þ kj;h

0
j ¼

SSEj

2
þ hj

� �
;

j¼ 1;2; :::;m: (31)

Equation 31 provides some insight into the effect of the
parameters in the Inverse-Gamma prior. When there are a
large number of observations (n is large), k0j � n

2
and kj has

little effect on the posterior distribution of r2j . When the mag-
nitude of noise in the j-th variable is large (SSEj is large),
h0j � SSEj

2
and hj has little effect on the posterior distribution

of r2j . Because the assumption is that we know little about

the true noise variances (that is why noninformative priors
are needed), it is desirable to make kj much smaller when
compared with n and hj much smaller when compared with
SSEj, such that the prior distribution of r2j has little influence
on its posterior distribution, that is, it is indeed ‘‘noninforma-
tive.’’ This should be considered as a general guideline of
determining the hyper-parameters of the noninformative pri-
ors. In practice, because n is known, it is easy to find a proper
value of kj. SSEj may be estimated by approximating the
‘‘true’’ value as the result of simpler approaches such as
PCR. Given the estimated SSEj, a hj can be selected such
that it is several magnitudes smaller than SSEj. Similarly, the
conditional distribution of rm2

þ1 (or Ry) is,

r2mþ1jy;Z;b� InverseGamma k0mþ1 ¼
n

2
þ kmþ1;h

0
mþ1

�
¼ SSEmþ1

2
þ hmþ1

�
; (32)

where SSEmþ1 ¼
Pn

i¼1 ðyi � ~yiÞ2, in which yi is the measured
value of output.

Table 3 shows the detailed algorithm of BLVR-S with the
Inverse-Gamma priors for the noise variances. In the Gibbs
sampling steps, the SSEj depends on the most recent samples
of Z and b. The SSEj at the s-th time step is denoted as
SSE

ðsÞ
j and is calculated with b(s) and Z(s).

As described at the beginning of this section, three differ-
ent noninformative priors are considered in this work, the
noise variance of each variable can choose one of them as
its prior distribution. Hence, the parameter kj and hj in the
priors can be different for each r2j . But for simplicity, the
same noninformative type of prior is used for all the r2j
here. BLVR-S with the Type 1, Type 2, or Type 3 prior in
Table 2 for noise variance is denoted as BLVR-v1, BLVR-
v2, and BLVR-v3. In the next section, the performance of
those three approaches is compared with other methods via
various case studies.

Experiments

Simulated high dimensional data

This example is adapted from a simulated example in Ref.
24. The data set contains 50 observations, 15 input variables

Table 3. BLVR-S Algorithm

� Get â by applying PCA, MLPCA, or PLS to (X, y)
� While not converge
1. Get Ẑ; b̂; R̂x, and R̂y by Gibbs sampling with K samples

in the Markov Chain.
For s ¼ 1 : K
Draw Z(s) from PðZjX; y; â;bðs�1ÞÞ
Draw b(s) from PðbjX; y; â;ZðsÞÞ
Draw r2ðsÞj from InverseGamma ðn

2
þ kj;

SSE
ðsÞ
j

2
þ hjÞ,

(j ¼ 1,2,…,m þ 1)
RðsÞ
x ¼ diag[r2ðsÞ1 , r2ðsÞ2 ,…,r2ðsÞm ], R

ðsÞ
y ¼ r2mþ1

(s)

End for
Estimate Z, b, Rx, and Ry based on {(Z

(1),b(1)),(Z(2),b(2)),…,
(Z(K), b(K))}

2. Get X̂ and ŷ based on â, Ẑ, and b̂
3. Get â by applying PCA, MLPCA, or PLS to ðX̂; ŷÞ

� End while
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and 1 output variable, and the true rank of the input matrix
is known to be 10. Both input and output variables are con-
taminated by Gaussian measurement noise, and variances of
the noise are determined by the Signal to Noise Ratio (SNR)
of variables. The loading vectors for BLVR are obtained
from PCR. The historical Gaussian priors for the noise free
input variables and the regression parameters of BLVR,
BLVR-v1, BLVR-v2, and BLVR-v3 are generated based on
the results of applying PCR to a historical data set with 600
observations. The true rank 10 is used for all methods. The
performance of PCR, MLPCR, BLVR, BLVR-v1, BLVR-v2,
BLVR-v3 are compared. The four variations of BLVR are
evaluated for uniform or historical Gaussian priors. With the
uniform prior, they are denoted as BLVR(u), BLVR(u)-v1,
BLVR(u)-v2, and BLVR(u)-v3. With the Gaussian prior
based on historical data, they are denoted as BLVR(h),
BLVR(h)-v1, BLVR(h)-v2, and BLVR(h)-v3. Results are
based on 50 realizations.

To mimic our ignorance about the measurement error, the
initial guess for r2j is assumed to be:

r2
ð0Þ

j ¼ r2j expðujÞ; (33)

where uj � Uniform(�l, l) (l � 0). The variable l denotes
inaccuracy of the initial guess for r2j . The larger the l is, the
bigger the possibility of having a guess that is far from the
truth. When l ¼ 0, the guess is the same as the true noise
variance, which means that accurate likelihood information is
available. This initial guess of the noise variance is used in
MLPCR and is also used as the first sample in the Markov
Chain for r2j in BLVR, BLVR-v1, BLVR-v2, and BLVR-v3.

Five different cases are studied in this example by varying
the SNR and l. Parameter settings for these cases are sum-
marized in Table 4.
• Case I. The SNR for all the input and output variables

are set to be 3 with l ¼ 2.
• Case II. The SNR in input variables varies from 1 to

15, which means that the magnitudes of measurement noise
are quite different among the variables. Other conditions
remain the same as in Case I.
• Case III. In this case, l ¼ 3, which means that there is

larger error in the initial guess of the measurement noise
variance. Other conditions are the same as Case II.
• Case IV. This case is the same as Case I except that l

¼ 0, which means that the true noise variances are used as
the initial guesses.
• Case V. All settings are the same as in Case 2, except

that l ¼ 0.
Table 5 shows the average, over 50 realizations, of the

normalized mean squared error (MSE) of the output variable
for different methods in each of the five cases. The MSE is
calculated by comparing the model output with the true
noise-free output, the same method is applied in all exam-
ples of this article. The MSE are then normalized by the
MSE of PCR in each realization, because PCR is one of the
most popular approaches in practice and it is reasonable to
use it as a benchmark for comparison.

As shown in Table 5, in Case 1, the performance of
MLPCR and BLVR(u) are worse than PCR. This is not sur-
prising because they make use of inaccurate error variances
provided by Eq. 33, while PCR assumes same error varian-
ces for all variables. In this case, the assumption made by
PCR is not that bad because the differences of the actual
error variances of different variables are relatively small.
Although BLVR(h) also makes use of the inaccurate likeli-
hood information, its performance is slightly better than
PCR, due to the utilization of extra information in the histor-
ical prior. As for BLVR(u)-v1, BLVR(u)-v2, and BLVR(u)-
v3, they have similar performance which are almost the
same or slightly worse than PCR but are all better than
BLVR(u) without the noninformative prior for noise vari-
ances. The estimates, BLVR(h)-v1, BLVR(h)-v2, and
BLVR(h)-v3 using the noninformative priors on the noise

Table 4. Summary of the Different Settings in Each Case of
the Simulated High Dimensional Data Example

Case l SNR of the Inputs SNR of the Output

1 2 3 3
2 2 1 � 15 3
3 3 1 � 15 3
4 0 3 3
5 0 1 � 15 3

Table 5. Simulated High Dimensional Data Example: Average of Output MSE for Different Methods, Normalized by the MSE
of PCR in Each Realization; 50 Realizations

MSE MLPCR BLVR(u) BLVR(u)-v1 BLVR(u)-v2 BLVR(u)-v3 BLVR(h) BLVR(h)-v1 BLVR(h)-v2 BLVR(h)-v3

Case 1: SNRx ¼ 3, SNRy ¼ 3, l ¼ 2
Y(testing) 1.2420 1.1801 1.0575 1.0573 1.0064 0.9059 0.7463 0.7559 0.7370
Y(training) 1.1863 0.9038 0.7924 0.7990 0.7446 0.8096 0.7510 0.7622 0.7333

Case 2: SNRx ¼ 1,2,…,15, SNRy ¼ 3, l ¼ 2
Y(testing) 0.8997 0.9234 0.8846 0.9061 0.8441 0.7303 0.7343 0.7498 0.7158
Y(training) 0.9299 0.9017 0.8513 0.8219 0.7941 0.7663 0.7733 0.7940 0.7469

Case 3: SNRx ¼ 1,2,…,15, SNRy ¼ 3, l ¼ 3
Y(testing) 1.2559 1.2189 0.9494 0.9607 0.8866 0.9274 0.8025 0.8240 0.7843
Y(training) 1.2190 1.1174 0.8040 0.8040 0.7731 0.9735 0.8563 0.8840 0.8201

Case 4: SNRx ¼ 3, SNRy ¼ 3, l ¼ 0
Y(testing) 0.9545 0.9734 1.0696 1.0828 1.0148 0.8141 0.8222 0.8365 0.8118
Y(training) 0.9622 0.7019 0.8393 0.8461 0.7649 0.6852 0.8121 0.8298 0.7899

Case 5: SNRx ¼ 1,2,…,15, SNRy ¼ 3, l ¼ 0
Y(testing) 0.6919 0.7143 0.8832 0.8868 0.8368 0.5194 0.6813 0.6984 0.6684
Y(training) 0.7461 0.6933 0.7926 0.7939 0.7756 0.5426 0.7063 0.7349 0.6875
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variances outperform all other methods. This is as expected
because these methods make use of the most information,
along with noninformative priors for the noise variances.
The three types of noninformative priors have similar effects
on the performance of BLVR. This makes sense because the
number of observations and the measurement noise are rela-
tively large comparing to the hyper-parameters in the all the
noninformative priors, and as discussed in the previous sec-
tion, the choice of the hyper-parameters in the Inverse-
Gamma prior distributions does not have much effect on the
performance of BLVR.

A similar trend is observed for Case 2, except that both
MLPCR and BLVR(u) now outperform PCR. This can be
explained by the fact that in this case, the noise variances of
the input variables vary a lot more than in Case 1 due to
SNRx being between 1 and 15. Thus, the PCR assumption of
equal noise variance in each variable is violated, whereas the
MLPCR assumption of unequal variance is satisfied. Even
though MLPCR and BLVR(u) use inaccurate noise varian-
ces, they still do a better job than PCR. Better performance
of the three versions of hierarchical BLVR is also observed
in this case.

As for Case 3, the trend is similar to that in Case 1 and
PCR again outperforms MLPCR and BLVR(u). In this case,
the variation among the noise variances of different variables
is the same as in Case 2. However, the quality of likelihood
information is worse as indicated by the larger l. Hence,
PCR yields a better model than MLPCR or BLVR(u) with
inaccurate likelihood information. The inferior likelihood
also worsens the performance of various BLVR versions, but
they perform better than conventional BLVR without noise
estimation.

In Case 4, because accurate noise variances are available,
BLVR(h) has the best performance, but the performance of
BLVR(h)-v1, BLVR(h)-v2, and BLVR(h)-v3 are not far
behind. It is worth noting that the latter three approaches are

not aware of the fact that accurate noise information is avail-
able, they only use the accurate noise variances as the start-
ing point in the Markov chain and allow their values to
change in the Gibbs sampling process. The fact that they still
achieve comparable performance as BLVR(h) (which uses
the accurate noise variances throughout Gibbs sampling)
demonstrates the ability of the proposed approach to estimate
noise information. The performance of MLPCR, BLVR(u),
BLVR(u)-v1, BLVR(u)-v2, and BLVR(u)-v3 are also similar.

In Case 5, when accurate noise variances are also avail-
able, BLVR(h) again has the best performance. When com-
pared with the results in Case 4, there is a larger difference
in performance when comparing BLVR(u) with BLVR(u)-
v1, BLVR(u)-v2, and BLVR(u)-v3, or comparing BLVR(h)
with BLVR(h)-v1, BLVR(h)-v2, and BLVR(h)-v3. This is
expected because the variation among the noise variances is
much larger than in Case 4 and having accurate noise var-
iances information about the noise variances throughout
Gibbs sampling can greatly improve the model quality.

Inferential modeling of a batch distillation process

This problem originated from a 4-stage batch distillation
column described in Ref. 35. Binous36 coded a program to
simulate the separation of the mixture of methanol and water
by this distillation column, assuming that the reflux ratio is
10, the pressure is 1 bar, and the initial molar fraction of
methanol is 80%. Constant molar holdup is assumed at each
stage to be 20 mol, and in the still is 100 mol. The vapor
flow rate is 10 mol/min. Figure 3 illustrates this batch distil-
lation process. A simulation using Binous’ program is run to
obtain the temperature of each stage and the still, and the
methanol molar fraction of the distillate in the reflux drum.

The temperature and molar fraction are sampled with a
time step of 1 min from 1 to 200 min. Change of tempera-
ture with time in the distillation process is shown in Figure
4. As the concentration of methanol in the still decreases,
the temperatures of the stages also decrease and become
homogeneous while the temperature of the still slightly

Figure 3. Illustration of the batch distillation process.

Figure 4. Change of temperature with time in the batch
distillation process.
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increases. Independent Gaussian noise are then added to the
true values of temperature and molar fraction, those contami-
nated numbers are considered as measurements of the sys-
tem. The variances of the measurement noise for the temper-
ature of the four stages and the still are 12, 0.82, 0.62, 0.42,
and 0.22, respectively; the variance of the measurement noise
for the molar fraction is 0.032.

Measurements at the 200 time steps are randomized and
divided into training and testing sets, each containing 100
observations. There are five input variables (temperature at
four stages and the still) and one output variable (methanol
molar fraction of the distillate). Although this is a dynamic
system, the dynamics are not considered in this modeling

problem because the available measurements of the current
temperature at the stages and the still are strongly related to
the current molar fraction of the distillate. PCR, PLS,
MLPCR, BLVR(u), BLVR(u)-v1, BLVR(u)-v2, BLVR(u)-v3
are applied to model this process. Rank 2 is used for all
methods. In the first case, the initial guess of the variances
of measurement noise is obtained in the same way as in pre-
vious examples, where l ¼ 3; in the second case, the true
variances of measurement noise are used, that is, l ¼ 0.
Table 6 shows the average normalized output MSE of differ-
ent methods over 50 realizations in these two cases. The
MSE is calculated by comparing the model output with the
true noise-free output, then normalized by the MSE of PCR.

Table 6. Batch Distillation Example: Average of Output MSE for Different Methods of the Batch Distillation Problem,
Normalized by the MSE of PCR in Each Realization; Rank 2, 50 Realizations

MSE PLS MLPCR BLVR(u) BLVR(u)-v1 BLVR(u)-v2 BLVR(u)-v3

Case 1: l ¼ 3
Y(testing) 0.9960 0.9811 0.9596 0.5251 0.5226 0.5272
Y(training) 0.9275 1.0486 0.6118 0.3578 0.3699 0.3466

Case 2: l ¼ 0
Y(testing) 0.9960 0.5306 0.5281 0.5273 0.5236 0.5303
Y(training) 0.9256 0.4602 0.2267 0.3376 0.3477 0.3252

Figure 5. Case 1 of the batch distillation example: Matrix plot of testing MSE of output, normalized by the variance
of noise in the output; l 5 3, 50 realizations.
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When the noise variance is not known very well, as indi-
cated by l ¼ 3, BLVR(u)-v1, BLVR(u)-v2, and BLVR(u)-v3
have significantly higher accuracy for the output as com-
pared to other methods. When the error is known accurately
(l ¼ 0), MLPCR, BLVR(u), BLVR(u)-v1, BLVR(u)-v2, and
BLVR(u)-v3 have similar performance. Figure 5 shows the
matrix plot of the testing MSE of the output in the 50 real-
izations for the first case, normalized by the variance of
measurement noise. The diagonal of Figure 5 presents the
box plots of the normalized MSE for each method. The
paired plots of BLVR(u)-v1, BLVR(u)-v2, and BLVR(u)-v3
confirms that the three type of noninformative priors have
similar performance. These plots are almost straight lines on
the diagonal, which means that in each realization, they have
similar MSE. With no surprise, BLVR(u) and MLPCR also
have similar performance and most points also line on the
diagonal in their paired plots. It is clear that in the first case
there are many outliers for MLPCR and BLVR(u) over 50
realizations, and the box plots also show that they have rela-
tively large variance of MSE because they are vulnerable to
bad likelihood information; while the variances of MSE for
BLVR(u)-v1, BLVR(u)-v2, and BLVR(u)-v3 are much
smaller.

Inferential modeling of a continuous distillation process

This inferential modeling problem is derived from a problem
that has been thoroughly studied by Skogestad et al.4,37–39

There are 40 theoretical stages and a total condenser in this
distillation column. It is used to separate a binary mixture
with a constant relative volatility of 1.5. The difference in
the boiling points of the two components is 13.5�C. The
feed flow rate is 1 kmol/min. In this study, the feed compo-
sition of the light component is set to be stochastic, normally
distributed with mean of 0.5 and variance of 0.01. This com-
position could also be set to have other types of features
such as the deterministic features in the previous example

and Figure 4, and still get similar improvement. A nonlinear
dynamic simulation of 500 min is run with the Matlab and
Simulink files provided by Skogestad39 to obtain the compo-
sition of the mixture at each stage and the condenser with a
time step of 1 min. The temperature at each stage is calcu-
lated by a linear approximation39 with the composition data.
Those temperatures are further contaminated by Gaussian
measurement noise with mean zero and different variances.
The variance of the measurement noise of the first and last
10 stages is 9 � 10�6, the variance of the measurement
noise of the stages 16 � 25 is 1 � 10�4, and the variance of
the measurement noise of the remaining 10 stages is 2.5 �
10�5. The composition of the distillate is also contaminated
by Gaussian noise with mean of zero and variance of 4 �
10�8. Like the previous example, the dynamics of this sys-
tem are ignored in the modeling process. The 500 observa-
tions are randomized and divided into training and testing
sets with 250 observations in each. Two cases have been
considered in this simulation study. In the first case, the ini-
tial guess of the variance of measurement noise is obtained
in the same way as in the previous examples, where l ¼ 3;
whereas in the second case, the true variances of measure-
ment noise are used, that is, l ¼ 0. Another simulation of
500 min is run to get a historical data set, which is used to
generate the historical prior distributions by PCR. Then we
apply all the methods to estimate the composition of the dis-
tillate with the temperature measurements at the 40 stages.

Figures 6 and 7 show the median training and testing
MSE of the output over 50 realizations of the above methods
with different ranks in the two cases. The MSE is calculated
by comparing the model output with the true noise-free out-
put. According to Figure 6, in the first case, BLVR(h)-v2
and BLVR(h)-v3 have the best performance while apparently
BLVR(h)-v1 performs worse. Also BLVR(u)-v2 and
BLVR(h)-v3 perform better than BLVR(u)-v1. This is a little
different from the trend observed in previous case studies,
where the differences in performance among different

Figure 6. Case 1 of the continuous distillation column
example: Median of testing MSE of output
over 50 realizations, l 5 3.

Figure 7. Case 2 of the continuous distillation column
example: Median of testing MSE of output
over 50 realizations, l 5 0.
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noninformative priors are less significant and visible. This
difference can be explained by recalling the effect of hj on
the posterior distribution of r2j . As discussed in the third sec-
tion, hj has little effect only when SSEj is much larger than
hj. Although in this example, the noise variances of most
variables are much smaller than 0.001, which is the value of
hj in the Type 1 prior. Hence, the Type 1 prior has signifi-
cant effect on the posterior distribution. Therefore, it is more
biased than the Type 2 and Type 3 prior in this problem,
which leads to worse performance. Hence, when the mea-
surement noise are very small, Type 2 and Type 3 priors
should be preferred. Figure 7 show that BLVR(h), BLVR(h)-
v2, and BLVR(h)-v3 perform equally well and slightly better
than MLPCR in Case 2. It also shows that Type 1 prior per-
forms worse than Type 2 and Type 3 priors.

Conclusions

This article proposes a general Bayesian approach to
address the challenge posed by a lack of accurate informa-
tion about measurement errors or likelihood in process mod-
eling. This approach sets up a Bayesian model by treating
the noise variance as a stochastic variable with correspond-
ing uncertainty information. It is applied to developing an
extended BLVR-S method with noninformative prior for the
variances in the likelihood functions. Case studies show that
the proposed approach can effectively handle the problem of
inaccurate information about measurement noise, and that by
setting noninformative priors for the noise variances, the
model quality is, in general, better than what may be
obtained by fixing the noise variances in BLVR-S. This is
especially true when the available information regarding the
noise variance may be far from the underlying truth.
Although PCR or PLS seem attractive in that situation, they
are ill-suited for utilizing prior information about the param-
eters and variables being estimated. Also the variances of
the measurement noise can be estimated from BLVR-S with
a noninformative prior approach. This is an additional bene-
fit that PCR or PLS cannot readily provide.

As shown in this article, a prior distribution can be setup
for the parameters in the likelihood functions to reflect the
uncertainty about the likelihood information. A noninforma-
tive prior can be used when there is little knowledge about
the measurement noise. Three different types of noninforma-
tive priors suggested in this paper are unified under the
Inverse-Gamma distribution family. Because the hyper-pa-
rameters of the Inverse-Gamma prior distributions in practice
can be different from the priors discussed in this article, the
choice of priors in this framework is not limited to those
three priors. Although different priors usually have similar
performance, in some cases, as illustrated in this work, the
performance of BLVR-S is sensitive to the choice of the
prior hyper-parameters. Thus it is important to choose the
prior hyper-parameters according to the number of observa-
tions in the data set and the magnitude of measurement
noise. The proposed approach is general and should be use-
ful for improving the performance of other process modeling
methods that require likelihood information that is not read-
ily available. This work should also convey the many bene-
fits of Bayesian modeling, thus encouraging their use.
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Appendix

Proof of the Type 2 Prior is the Jeffreys Prior for Noise
Variance in BLVR

Jeffreys proposed an noninformative prior which is propor-
tional to the square root of the Fisher information,40 that is,

PðhÞ /
ffiffiffiffiffiffiffiffiffiffiffiffiffi
IðhjDÞ

p
; (34)

where P(h) is a prior distribution of a model parameter h,
I(h | D) is the Fisher information. This is called Jeffreys
prior.34 The Fisher information is calculated as:

IðhjDÞ ¼ E
d logPðDjhÞ

dh

� �2
jh

( )
(35)

Because Fisher information is based only on the data likeli-
hood, hence no extra information is used in Jeffreys prior. In
addition, it is invariant under reparameterization of parameters.
Without loss of generality, let j [ 1,2,…,m, the Fisher

information of r2j is:

Iðr2j jXð:; jÞ ¼ E
ðPn

i¼1 ðxij � ~xijÞ2Þ2
4ðr2j Þ4

" #

¼ 1

4ðr2j Þ4
E

Xn
i¼1

ðxij � ~xijÞ2
 !2
2
4

3
5

¼ 3n2ðr2j Þ2
4ðr2j Þ4

¼ 3n2

4ðr2j Þ2
:

(36)

Thus, the Jeffreys prior is,

Pðr2j Þ/
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3n2

4ðr2j Þ2
s

/ 1

r2j
;

(37)

This is the same as in Eq. 28. Therefore, the Type 2 prior
for r2j in Table 2 is the Jeffreys prior.
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